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†
From a onsistent expression for the quadrifore desribing the interation between a oloured
partile and gauge elds, we investigate the relativisti motion of a partile with isospin interating
with a BPS monopole and with a Julia-Zee dyon. The analysis of suh systems reveals the existene
of unidimensional unbounded motion and asymptoti trajetories restrited to onial surfaes,
whih resembles the equivalent ase of Eletromagnetism.
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I. INTRODUCTION
Gauge theories were led to a major position in the foundations of Physis as the main tool to desribe the Standard
Model of Elementary Partiles. A great variety of work in this area has been done, and important ahievements
have been reahed by the study of non-Abelian symmetry groups suh as SU(2) or SU(3). However, deeper analyses
are still neessary, speially in non-perturbative ases, in order to understand subtle aspets and to disover new
properties of these theories. Hene, an important tool to desribe these systems is the semilassial limit, with whih
it is possible to obtain valuable insights about their quantum behaviour. And, in this ontext, an approah that is
largely used is to analyze the orbits of a single partile, whih is the main objetive of this artile.
We start proposing an expression for the quadrifore that desribes the interation between a partile with isospin
and elds from gauge theories, whih usually have salar and vetor omponents. Although suh expression is well
established in the ase of vetor elds (the so alled Wong's expressions [1℄), it is still a matter of investigation for
salar elds ([2℄, [3℄). To obtain an expression that takes into aount both ontributions, we make use of Wong's
equation ombined with a gauge generalization of the quadrifore presented in our previous work [4℄, whih referred
to salar elds only.
With this formalism, we apply the resultant equations to two ases of physial signiane: a oloured partile
interating with a BPS monopole, whih behaves asymptotially as a magneti monopole, and with a Julia-Zee
dyon, whih behaves asymptotially as a magneti plus eletri monopole. We observe that suh systems present no
dynamial equilibrium points and have no apparent general analytial solutions. Hene, we partiularize to simpler
ases in whih the general properties of the motion of the partile an be well established: radial and asymptoti
motions.
As far as the radial motion is onerned, we nd that there are no bounded orbits for the partile: it always esapes
in a diretion that is related to the sign of the radial omponent of its isospin. Analyzing the asymptoti motion, in
the limits of low (Newtonian) and high (ultra-relativisti) veloities, we observe the existene of bounded orbits under
ertain onditions. The remarkable property, however, is that all of the asymptoti trajetories are onstrained to a
onial surfae in both limits. And this is exatly the ase of Classial Eletromagnetism, in whih the motion of a
point harge interating with a magneti monopole is restrited to the surfae of a one.
This artile is divided as follows: in Setion II we derive the equations of motion for the partile in the presene
of the BPS monopole and analyze it globally; in Setion IIA, we speify them to radial motion and, in Setion II B,
to asymptoti motion. The ase in whih the monopole involved is the Julia-Zee dyon is presented in Setion III and
onlusions are desribed in Setion IV.
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2II. COLOURED PARTICLE IN THE PRESENCE OF A BPS MONOPOLE
Firstly, we derive the general equations that desribe the interation of a partile with isospin and gauge elds.
Two sets of equations are requested: the one referring to the quadrifore and the one to the isospin's preession. As
we have previously explained, we propose an expression for the quadrifore that is a ombination of Wong's equation
and a generalization of the equation proposed in our last artile. This was originally oneived to take into aount
salar elds only:
m
d2xµ
dτ2
= g
(
ηµν − dx
µ
dτ
dxν
dτ
)
∂νφ
aIa (1)
In the above expression, xµ are the oordinates of the partile, τ is its proper time, Ia are the omponents of its
isospin, g is the oupling onstant, ηµν is the Minkowskian metri and φa are the salar elds. It is straightforward
to generalize (1) to gauge elds: we only have to replae the ordinary derivatives by ovariant ones:
m
d2xµ
dτ2
= g
(
ηµν − dx
µ
dτ
dxν
dτ
)
Dνφ
aIa (2)
To inlude the self-interation of the gauge elds as well, it is neessary to introdue Wong's expression, whih leads
us to:
m
d2xµ
dτ2
= g
(
ηµν − dx
µ
dτ
dxν
dτ
)
Dνφ
aIa + gF aµν
dxν
dτ
Ia (3)
where F aµν are the omponents of the strength tensor of the elds.
The isospin's preession equation is obtained just in the same way: we make use of the expression proposed in our
last work generalized to gauge elds (whih reovers Wong's expression in the ase of vetor elds only):
∂Ia
∂τ
+ gǫabc
(
Dµφ
b +Abµ
)
Ic
dxµ
dτ
= 0 (4)
Therefore, equations (3) and (4) are the equations of motion of a oloured partile interating with gauge elds.
The BPS monopole is desribed by the elds ([5℄, [6℄):
φa = xa
H(r)
gr2
; Aia = ǫaijx
j 1−K(r)
gr2
(5)
where:
H(r) =
gFr
tanh gFr
− 1 ; K(r) = gFr
sinh gFr
(6)
and F is a onstant. Hene, by applying them to the equations (3) and (4), we get the following system:
m~a =
HK
γ2r2
~I +
rH ′ −H(1 +K)
γ2r4
(
~I · ~r
)
~r +
K2 − rK ′ − 1
γr4
(
~I · ~r
)
(~v × ~r) +
+
K ′
γr
(
~v × ~I
)
(7)
~˙I =
1−K
r2
[
~I × (~v × ~r)
]
+
HK
r2
(
~I × ~v
)
+
rH ′ −H(1 +K)
r2
(~r · ~v)
(
~I × ~r
)
We an write it as a dynamial system and look for equilibrium points to study its stability. Imposing the equilibrium
ondition and using a base of o-moving oordinates,
{
rˆ, wˆ =
~r × ~v
| ~r × ~v | , uˆ =
~r × ~w
| ~r × ~w |
}
(8)
it is straightforward to onlude that there are no equilibrium points. Therefore, we partiularize (7) to more restrited
onditions and study the general properties of the resultant orbits.
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FIG. 1: Potential energy of a oloured partile in the presene of a BPS eld with g = F = 1, in the Newtonian limit and in
radial motion with:(a) α = 1, (b) α = −1.
A. Radial Motion
If the partile is initially moving in the radial diretion, ~v0 ‖ ~r, and its isospin is also in the same diretion, ~I0 ‖ ~r,
we an use equations (7) to show that the partile will remain in the radial diretion aording to:
m~a = − (1− r˙2) dV (r)
dr
rˆ
~I = I0rˆ = αrˆ (9)
where the funtion V (r) is dened as:
V (r) = −αH(r)
r
= α
[
− gF
tanh gFr
+
1
r
]
(10)
To study this unidimensional motion, we an rstly analyze it in the Newtonian limit, | r˙ |≪ 1. It is lear that,
in this ase, the funtion V (r) is nothing but the potential energy of the partile due to its interation with the
monopole; moreover, this funtion has the following properties:

lim
r→0
V (r) = 0
lim
r→±∞
V (r) = ∓αgF
dV
dr 6= 0
⇒
{
V (r) < 0 for all r > 0
V (r) > 0 for all r < 0
Suh harateristis of the potential energy an also be seen in gure 1, in whih the graphi of the funtion is
shown for the ase g = F = 1. Hene, we onlude that there are no bounded orbits in this limit, and the partile
will always esape. Of ourse, in order for the partile not to leave the region of validity of the Newtonian limit, it is
neessary to guarantee that the onstants involved satisfy the ondition E ≪ m/2+ | α | gF .
Now, we an analyze equations (9) in the relativisti ase. Although an analytial solution is not available, we
an infer the main properties of the resultant motion by seeking a onstant of motion. Taking T = mγ, the total
relativisti kineti energy of the body, we obtain from (9) the following onstant of motion:
E = m ln
T
m
+ V (r) (11)
This an be interpreted as the total relativisti energy of the partile, sine that, in the Newtonian limit, the rst
term redues to the well known expression of the lassial kineti energy. Analyzing this onstant, it is lear that
there is no more than one return point (i.e., points in whih r˙ = 0) in the system, implying that no bounded orbits
are allowed, and again the partile always esapes. The equation desribing suh motion is given impliitly by:
4∫ r
r0
dr′√
1− m2κ2 e2V (r′)/m
= ±t (12)
where:
κ = T (r0)e
V (r0)/m
B. Asymptoti Motion
An interesting feature of equations (7) is their behaviour when r ≫ 1, sine, in this limit, the BPS solution behaves
as a magneti monopole. Applying this ondition, we are led to the new system:
m~a =
α
γ2r3
~r +
α
γr3
(~r × ~v)
~˙I =
(~r · ~v)
r2
(
~I × ~r
)
(13)
in whih, again, α is the radial omponent of the partile's isospin. These equations an indeed be simplied by
hanging the oordinate system to that of (8); hene, writing the isospin vetor as:
~I = αrˆ + βwˆ + ρuˆ (14)
we obtain that the seond equation of (13) has the following solution:
α(t) = α(0)
β(t) = β(0) cos∆r(t) + ρ(0) sin∆r(t)
ρ(t) = ρ(0) cos∆r(t) − β(0) sin∆r(t) (15)
where ∆r(t) = r(t) − r(0). Thus, the motion of the partile in the external (Minkowskian) spae is not oupled to
the motion in the internal (isospin) spae, where its isospin preessionates aording to the previous expressions. So,
we have to solve the rst equation of (13) to ompletely desribe the partile's movement. However, we seem to have
neither an analytial solution nor enough onstants of motion for the equation. Hene, we make further approximations
and study the system in two very distint limits: the Newtonian limit (v ≪ 1) and the ultra-relativisti limit (v ≈ 1).
In the Newtonian limit, the equation is redued to:
m~a =
α
r3
~r +
α
r3
(~r × ~v) (16)
We observe that (16) is very similar to the Lorentz equation of Eletromagnetism orresponding to a partile with
harge α interating with an eletri eld generated by a unit harge and a magneti eld generated by a unit magneti
monopole. The rst term is due to the salar elds and, the seond, due to the vetor elds. Equation (16) has three
onstants of motion that an be diretly obtained:
E =
mv2
2
+
α
r
; ~J = m (~r × ~v) + αrˆ ; L = |m (~r × ~v) | (17)
It is lear that the rst one is the total energy of the partile, the seond is its total angular momentum (see, for
instane [7℄) and the third, the module of its orbital angular momentum. To determine the equations of motion, we
hoose spherial oordinates and make the z axis oinide with ~J . Therefore, it is straightforward that the partile is
restrited to move on the surfae of a one whose axis is in the same diretion of
~J and whose half-angle of opening
is given by:
cos θ =
α
J
(18)
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FIG. 2: Shape of the eetive radial potential for (a) α > 0 and (b) α < 0.
In addition, ombining the two other remaining onstants, we obtain:
E =
mr˙2
2
+
α
r
+
L2
2mr2
=
mr˙2
2
+ Veff (r) (19)
It is now possible to analyze the motion in the radial diretion by this single onstant. The shape of the eetive
potential is shown in gure 2, onsidering the two possible signs of α. We an onlude that, if α > 0, the partile's
energy has to be positive and there is only one return point in:
r¯ =
α
2E
(
1 +
√
1 +
2L2E
mα2
)
(20)
It is important to notie that this "return point" is atually a point in whih r˙ vanishes, and not the veloity v.
Therefore, the partile will also esape. Moreover, it is neessary that E ≪ α and E ≪ m/2 for the return point to
be in the asymptoti region and for the partile to remain in the Newtonian limit, respetively.
However, in the ase in whih α < 0, the partile is allowed to have positive or negative energy. If it is positive,
there is again only one return point given by:
r¯ = − α
2E
(√
1 +
2L2E
mα2
− 1
)
(21)
meaning that there are no bounded orbits. But if the energy takes negative values, there are two return points, given
by:
r¯± = − α
2|E|
(
1±
√
1− 2L
2|E|
mα2
)
(22)
whih means that the movement is bounded. In addition, there is one equilibrium point, in whih the partile just
preessionates along the intersetion between the one and the sphere of radius given by:
req = − L
2
mα
(23)
Of ourse, some onditions regarding all these onstants have to be satised in order to guarantee that these return
and equilibrium points are in the asymptoti region and that the partile remains with low veloities. These are:
|E| ≪ |α|, L2 ≫ m|α|, L2|E| < mα2/2 and |E| ≪ m/2.
6The analytial expression of the radial oordinate, r(t), an be obtained diretly by solving the dierential equation
(19). We note that, if E > 0, the solution is:
[
m
2E
√
2E
m
r2 − 2α
m
r − L
2
m2
+
α
√
m
(2E)3/2
ln
(√
8E
√
2Er2 − 2αr − L2/m+ 4Er − 2α
m
)]r(t)
r0
= ±t (24)
while, for E < 0, it is given by:
[
m
2E
√
2E
m
r2 − 2α
m
r − L
2
m2
−
− α
√
m
(2|E|)3/2 arcsin
(
4Er − 2α√
4α2 + 8EL2/m
)]r(t)
r0
= ±t (25)
The sign in the equations has to be hosen aording to the initial radial veloity of the partile and hanges every
time it rosses one of the return points presented.
To omplete the desription of the movement, we have to determine the expression for the azimuthal angle, φ(t).
Writing the total veloity in spherial oordinates, v2 = r˙2 + r2θ˙2 + r2 sin2 θφ˙2, and using the onstants of motion,
we arrive at the impliit equation:
φ(t) = φ(0)± J
m
∫ t
0
dt′
r2(t′)
(26)
In the ase where the partile preessionates along the intersetion between the one and the sphere of radius (23),
this last equation an be expliitly solved, and the result is given by:
φ(t) = φ(0)± mJα
2
L4
t2 (27)
Now that we have analyzed the motion in the Newtonian limit, we an move to the opposite limit, the ultra-
relativisti motion. In this ase, the equation of motion is redued to:
m~a =
α
γr3
(~r × ~v) (28)
It is lear that the veloity of the partile is a onstant of motion, implying that one the body is in the ultra-
relativisti limit, it will remain there. Moreover, two other onstants an be readily obtained:
~Jrel =
m (~r × ~v)√
1− v2 + αrˆ ; Lrel =
|m (~r × ~v) |√
1− v2 (29)
They are, respetively, the total relativisti angular momentum and the module of the orbital relativisti angular
momentum. Hene, the orbits of the partile are again onned to a onial surfae whose axis oinides with
~Jrel
and whose half-angle of opening is:
cos θrel =
α
Jrel
(30)
By using the fat that the module of the orbital angular momentum and the veloity are onstants, it is possible
to get a dierential equation for r(t) whose solution is given expliitly by:
7r(t) = r0
√
sin2 ω0 +
(
| cosω0| ± vt
r0
)2
(31)
where ω0 is the initial angle between the veloity and the position of the partile and the sign of the equation has to
be hosen aording to the initial sign of the radial veloity of the partile. We an see that, even if the partile is
initially going in the diretion of the origin, it will never reah this point, but will stop at r = r0| sinω0| and return,
esaping to innity. Therefore, in this limit of high veloities, there is no bounded motion.
To omplete the desription of the partile's movement, it is straightforward to obtain the azimuthal oordinate
expliitly by using the onstants of motion and the equation for r(t):
φ(t) = φ(0)± J
L
[
arctan
( | cosω0| ± vt/r0
sinω0
)
− |ω0 − π
2
|
]
(32)
III. COLOURED PARTICLE IN THE PRESENCE OF A JULIA-ZEE DYON
Now, we an apply the equations desribing the interation between a oloured partile and gauge elds, (3) and
(4), to the ase in whih the elds are those from the Julia-Zee dyon solution, that are given by [8℄:
φa = xa
H(r)
gr2
; Aia = ǫaijx
j 1−K(r)
gr2
; A0a = x
a J(r)
gr2
(33)
in whih the new funtions are:
H(r) = H(r) coshλ ; J(r) = H(r) sinh λ (34)
and λ is a onstant. We an see that this solution has plenty of similarities with the BPS monopole. The main
dierene is that the dyon vetor eld has a non-vanishing time omponent, due to the existene of the non-vanishing
onstant λ. It is this omponent that asymptotially generates an eletri eld that is absent in the BPS monopole
solution, inviting us to interpret the dyon as an entity with magneti plus eletri harge. Replaing equations (33)
and (34) in (3) and (4), we reah the following equations of motion for the system:
m~a =
HK
γ2r2
[
~I (coshλ+ γ sinhλ)− γ sinhλ
(
~I · ~v
)
~v
]
+
+
rH ′ −H(1 +K)
γ2r4
(
~I · ~r
)
· [(coshλ+ γ sinhλ)~r − γ sinhλ (~r · ~v)~v] +
+
K2 − rK ′ − 1
γr4
(
~I · ~r
)
(~v × ~r) + K
′
γr
(
~v × ~I
)
(35)
~˙I =
1−K
r2
[
~I × (~v × ~r)
]
+
HK coshλ
r2
(
~I × ~v
)
+
+
[rH ′ −H(1 +K − tanhλ)]
r2
· coshλ (~r · ~v)
(
~I × ~r
)
(36)
whih bears some resemblane with the equations of motion when the interating eld is the BPS monopole. It is
straightforward to note that there are no equilibrium points for this system either. Thus, as an analytial solution
does not seem available, we study speial ases for this system, as we have done for the ase of the BPS monopole.
First, one an note that the partile an develop radial motion if its initial isospin and its initial veloity point both
to the radial diretion; the equations of motion resultant from these onditions are:
m~a = − 1
γ2
dV (r)
dr
(
coshλ+
sinhλ
γ
)
rˆ
~I = I0rˆ = αrˆ (37)
8where V (r) is still the funtion (10). We an also see that, in the Newtonian limit, the equations of motion are the
same as the ones referring to the BPS monopole, as long as we replae the onstant α by an "eetive onstant"
α = α coshλ that takes into aount the eletri harge arried by the dyon. Hene, the qualitative desription of the
motion is the same: no bounded orbits are allowed and the partile esapes to innity.
In the relativisti ase, we an study the expressions in (37) by searhing for onstants of motion. As in the BPS
monopole ase, a onstant that an be interpreted as the total relativisti energy of the partile an be found and is
given by:
E =
m
coshλ
ln (T/m+ tanhλ) + V (r) (38)
where T = mγ, again. When we analyze the onditions in whih return points our, it is possible to onlude that,
as in the BPS monopole ase, there is at most one return point. This means that no bounded orbits are allowed even
in the relativisti ase. Therefore, the global behaviour of the radial orbits of systems (9) and (37) are very similar.
Another speial ase of equations (35) and (36) is the asymptoti limit. Making r ≫ 1, we are led to the following
expressions:
m~a =
α
γ2r3
[(coshλ+ γ sinhλ)~r − γ sinhλ (~r · ~v)~v] + + α
γr3
(~r × ~v)
α(t) = α(0)
β(t) = β(0) cos
(
∆r(t)e−λ
)
+ ρ(0) sin
(
∆r(t)e−λ
)
ρ(t) = ρ(0) cos
(
∆r(t)e−λ
)− β(0) sin (∆r(t)e−λ) (39)
where
~I = αrˆ + βwˆ + ρuˆ
One more, as in the ase of the BPS monopole, the motion in the external spae is not oupled to the motion in
the internal spae, where the isospin preessionates. The only dierene is in the frequeny of the osillations of the
isospin vetor, hanged by the fator e
−λ
due to the dyon's eletri harge.
Now, we analyze the equation of motion in the external spae in the Newtonian limit, in whih they are redued
to:
m~a =
αeλ
r3
~r +
α
r3
(~r × ~v) (40)
This expression has the same similarity to the Lorentz equation in Eletromagnetism as desribed for equation (16).
The dierene now is the presene of the fator e
λ
in the term referring to the eletri eld, due to the ontribution
of the dyon's eletri harge. This means that the partile is now interating with an eletri harge e
λ
, and not with
an unit one, as it was the ase for the BPS monopole.
Three onstants of motion an be found again, and are given by:
E =
mv2
2
+
αeλ
r
; ~J = m (~r × ~v) + αrˆ ; L = |m (~r × ~v) | (41)
implying that the trajetories of the partile are onned to the same onial surfae of the ase of the BPS monopole.
The expressions for the oordinates r(t) and φ(t) are the same as expressions (24), (25) and (26) as long as one
replaes the onstant α by the "eetive onstant" α = αeλ. The onlusions are, one again, the same as in Setion
II B and bounded orbits our only if α < 0 and E < 0.
Now, we study the rst equation of (39) in the ultra-relativisti limit. The expression obtained is:
m~a =
α sinhλ
γr3
[~r − (~r · ~v)~v] + α
γr3
(~r × ~v) (42)
One onstant of motion that an be found is the total energy of the partile:
9E = mγ +
α sinhλ
r
= te (43)
However, as we are onsidering the asymptoti (r ≫ 1) and ultra-relativisti (γ ≫ 1) limits, the rst term of the
previous expression is very large ompared to the seond, and so we an take it as onstant. Therefore, in suh ase,
the veloity of the partile is a onstant of the motion, as in the situation of the BPS monopole. It is straightforward
to see that the total relativisti angular momentum and the module of the orbital relativisti angular momentum are
also onstants of motion, implying that the equations for r(t) and φ(t) are the same as (31) and (32). Hene, the
onlusions are the same as the ones in Setion II B: the orbits are unbounded and restrited to the onial surfae
whose axis is
~J and whose half-opening angle is given by (30).
IV. CONCLUSIONS
It is possible to see that there is plenty of similarities between the two systems onsidered, i.e., a partile with
isospin interating with a BPS monopole and with a Julia-Zee dyon. Both systems present no global equilibrium
points and allow the existene of radial motion onsisting of unidimensional unbounded orbits. In this kind of motion,
although the isospin does not play a relevant role, remaining a onstant of motion not oupled to the movement in
the Minkowskian spaetime, its sign is important to determine the shape of the potential energy and the loation of
the possible return point, that indiates the diretion in whih the partile esapes.
Moreover, in the asymptoti region, onsidering the limits of low and high veloities, the two systems present
orbits onned to a onial surfae whose axis lies in the diretion of the total angular momentum. Although for an
intermediary veloity we an show that the orbits are not onned to a onial surfae, we infer that they are onned
to the region given by the two distint ones: the one referring to the Newtonian limit and the one referring to the
ultra-relativisti limit. For the same initial position of the partile, it is lear that the rst one has an axis loser to
the radial diretion and an opening angle smaller than the one related to the ultra-relativisti limit. In addition, it is
possible for both systems to allow stable losed orbits in the Newtonian limit, if the energy of the partile is negative.
In all of these asymptoti motions, the isospin is still not oupled to the movement in the external spae, but is no
longer a onstant of motion, as it preessionates in the internal spae. The radial omponent indeed seems to play
the role of an "eletri harge" in the Minkowskian spaetime and its sign is fundamental in the shape of the eetive
potential energy, whih determines the possibility of losed orbits.
What is interesting to notie is the analogy between this asymptoti motion and the motion of a single eletri harge
in the presene of a magneti monopole. As the elds of both systems, asymptotially, are interpreted as magneti
monopoles, one ould expet to reover at least some results from Classial Eletromagnetism if the quadrifore and
isospin's evolution equations proposed were onsistent. And we indeed obtained some of these results: in the limits of
high and low veloities, the partile is onstrained to move over a onial surfae, just as in the ase of an eletri harge
in the presene of a monopole ([9℄, [10℄). The radial and azimuthal motions are not exatly the same in both ases,
but this is not unexpeted sine we are dealing with two very dierent systems in essene (e.g., the symmetry group
of the systems involved in this work is SU(2), while for Eletromagnetism, it is U(1)). Therefore, this simple analogy
an give important lues about our hoie for the equation of the quadrifore and that of the isospin's preession.
Finally, we remark that, although the systems of a partile interating with a BPS monopole and a partile in-
terating with a Julia-Zee dyon seem very similar, they have important dierenes. In the speial ases onsidered
previously (radial and asymptoti motion), these dierenes are revealed by the appearane of an extra fator multi-
plying the radial omponent of the isospin. This is not unexpeted, sine the radial omponent is similar to an eletri
harge and the new fator arries the onstant of the dyon λ that is responsible for the eletri harge of the entity.
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